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Abstract 

> 

■"sj- ' We calculate the coefficient 05 of the heat kernel asymptotics for 

an operator of Laplace type with mixed boundary conditions on a 
^ I general compact manifold. 

o 

On 

1 Introduction 



Let V be a vector bundle over a smooth compact Riemannian manifold M of 



dimension m with smooth boundary dM. Let D be a second order operator 
of Laplace type on C°°(V); this means the leading symbol of D is given by 
the metric tensor, or equivalently, that D has the form given in equations 
^ ([[]) and (0) below. Note that many natural second order operators which 

arise in applications are of Laplace type. If the boundary is non-empty, 
then we must impose suitable boundary conditions. We assume given a 
decomposition V\qm = Vn © Vb; extend the decomposition to be parallel 
with respect to the normal geodesic rays on a collared neighborhood of the 
boundary. Let S be an auxiliary endomorphism of the bundle Vn and let ;m 
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be the covariant derivative of G C°°(V) with respect to the inward unit 
normal. Decompose <fi = <ft N © <ft D and set 



^IvD^w-m-^" m\ 



+ S</> 1 



Dirichlet boundary conditions correspond to vanishing Vn] Robin (i.e. modi- 
fied Neumann) boundary conditions correspond to vanishing Vd- Let Dq be 
the realization of D; <fr e Domain(Dg) if and only if Bcf) = 0. This is an ellip- 
tic boundary value problem and satisfies the Lopatinski- Shapiro condition. 

Let F be an auxiliary smooth function on M, for use in localization or 
'smearing'. Let e~ tr>B be the fundamental solution of the heat equation; this 
is trace class on L 2 (V) and as t J. 0, there is an asymptotic expansion: 



Tr L2 (Fe- tD «) = £ &^' 2 a n {F, D, B); 



see |TT|, [L2], [16|] for details. The invariants a n (F, D, B) are locally computable 
in terms of geometric invariants and form the focus of our study. 

The study of these invariants can be physically motivated. Consider a 
field theory in which D defines the quadratic form of the action; see, for 
example ||. We note that consistent local boundary conditions for fields 
of non-zero spin are inevitably mixed ones. The one-loop effective action is 
(formally) given by logdet(-D). The heat kernel coefficients up to a m de- 
scribe ultraviolet divergencies of the theory. The coefficient a m also defines 
the scale anomaly. The leading term in the large mass expansion of the ef- 
fective action is given by a m+ i, the lower coefficients are usually absorbed 
in renormalizations. Variations of the heat kernel coefficients give vacuum 
expectation values of currents, see [|J for example. The study of these coeffi- 
cients is important for renormalization and calculation of anomalies in higher 
dimensional models |T7|], and for large mass expansion and calculation of cur- 



rents in four dimensions. 



McKean and Singer [|T4| studied the invariants oo, ai, and 02- Kennedy 



et al. [|10| studied the invariant 03. Moss and Dowker [15[ studied a^ for 
the scalar Laplacian. Branson and Gilkey [|TJ determined 04 in the vector 
valued case; a minor error in the calculation of two of the coefficients was 
later corrected by Vassilevich |0|]. These results are summarized in Theorem 
p.l| . Many other authors have also studied these coefficients. 

We say the boundary conditions are pure if Vn or Vd vanishes. The 
coefficient 05 has been determined previously for pure boundary conditions. 
Branson, Gilkey and Vassilevich [||] studied the special cases of a domain M 
in flat space and of a curved domain with totally geodesic boundary. Kirsten 



13] generalized these results to arbitrary manifolds and boundaries; see also 



Dowker and Kirsten [HI for related work. We summarize the results of those 



papers in Lemmas |272| and [2.3| . The main result of this paper is Theorem |2T4 
which gives 05 for general mixed boundary conditions. 

We have decoupled the calculation of 05 in the general setting into three 
pieces. The first piece, A\, was computed in 0; it gives a 5 for pure boundary 
conditions if the boundary is totally geodesic. The second piece A 2 was 
computed in fll3f ; it contains the terms involving the second fundamental 
form which are necessary to deal with the case where the boundary is not 
totally geodesic |L3| . The final piece A\ is computed in this paper; it contains 
the additional 42 terms which describe the interaction of Vn and Vr, for 
general mixed boundary conditions. Our purpose in this paper is not purely 
combinatorial; determining these additional coefficients requires us to derive 
new functorial properties of the invariants which are important in their own 
right. 

In §[], we use invariance theory to show that the computation of 05 can 
be decomposed into the three pieces discussed above and to show that the 
undetermined coefficients Wi describing the interaction of Vn and Vb are 
universal coefficients which are dimension free. The remainder of the paper is 
devoted to computing these coefficients; see the cross reference table following 
Theorem |2.4 We postpone until Appendices A, B, and C the discussion of 



some combinatorial formulas we shall need. 

We use three different technical tools in the proof of Theorem |2.4j . 

1. The index theorem. Let P : C°°(V) -> C°°(W) be an elliptic 
complex of Dirac type. Impose suitable boundary conditions. Let 
D := P*P and D := PP* be the associated operators of Laplace type. 
An observation of Bott shows that with suitable boundary conditions 
a m (l,D,B)-a m (l,D,B) = index(P) and a n (l, D,B)-a n (l,D,B) = 
if n 7^ m; this is often called the local index formula. We shall apply 
this observation in §[| and in §|7]. 

2. Conformal variations. Let D(e) = e~ 2eF D. We then have that 
■^\ e =oa n (l, D,B) — (m — n)a n (F, D,B). Furthermore, if m = n + 2, 
then f e \ t=0 a n (e- 2ef F,e- 2ef D,B) = 0. We use these identities in g. 

3. Calculations on the ball. The invariant a n was computed for the 
Laplacians on spinors and on 1-forms on the ball in []|, |7J; we use this 
computation in §|5|. 

2 Statement of results 

If D is an operator of Laplace type, then locally we have: 

D = -(g^d,d u + A°d a + B). (1) 



Here g^ v acts by scalar multiplication; A a and B are matrix valued. We 
can also express D covariantly. There is a unique connection V on V and a 
unique endomorphism E of V so that 

D = -(Tr(V 2 ) + E). (2) 

Let uj be the local 1-form of the connection V. We may express: 

uj s = \g vS {A» + g^T^I v )^ 

E = B- g v »{d^ v + ccw M - uOV). 

If D is the scalar Laplacian, then V is the flat connection and E — 0. If 
/} = dS + 5<i on the bundle of p forms, then V is Levi-Civita connection 
and the endomorphism E is given in terms of curvature by the Weitzenbock 
formulas. Let r be the scalar curvature. If D is the spin Laplacian, then V 
is the spin connection, and the Lichnerowicz formula gives E = — \t. 

We adopt the following notational conventions to express the asymptotic 
coefficients a n in terms of geometrical invariants. Let Roman indices i, j, k, 
and / range from 1 through the dimension m of the manifold and index a 
local orthonormal frame {ei, ..., e m } for the tangent bundle of the manifold. 
Let Roman indices a, b, c, and d range from 1 through m — 1 and index a 
local orthonormal frame for the tangent bundle of the boundary dM. On 
the boundary, we shall let e m be the inward unit normal vector field. We 
shall not introduce bundle indices explicitly. Let Tr(^4) be the fiber trace of 
an endomorphism A of V. Greek indices will index coordinate frames. We 
adopt the Einstein convention and sum over repeated indices. 

Let Rijki be the components of the curvature tensor of the Levi-Civita 
connection, let pij := Rikkj be the components of the Ricci tensor, and let 
t := pa be the scalar curvature. With our sign convention, -R1212 = — 1 on the 
unit sphere S 2 in Euclidean space. Let flij be the endomorphism-valued com- 
ponents of the curvature of the connection V on V. Let T be the Christoffel 
symbols of the Levi-Civita connection. Let L ab := (V eo e;,,e m ) = T abm give 
the second fundamental form. We use the Levi-Civita connections and the 
connection V to covariantly differentiate tensors of all types. Let ';' denote 
multiple covariant differentiation with respect to the Levi-Civita connection 
of M and let ':' denote multiple tangential covariant differentiation on the 
boundary with respect to the Levi-Civita connection of the boundary; the 
difference between ';' and ':' is measured by the second fundamental form. 
Thus, for example, E. a = E. a since there are no tangential indices in E to be 
differentiated. On the other hand, E ;ab 7^ E :ab since the index a is also being 
differentiated. Since L and S are only defined on the boundary, these tensors 
can only be differentiated tangentially. Let dx and dy be the Riemannian 



volume elements on M and on DM respectively. Let f\ G C°°(M) and let 
f 2 e C°°(«9M). Let 

h[M\ := f M h(x)dx and f 2 [dM] = f dM f 2 {y)dy. 

Let Il_ be orthogonal projection on Vd and let Il + be orthogonal projec- 
tion on Vn- Let X '■= H+ — Il_; x = +1 on V/v and x = -1 on V D . Extend 
X to be parallel along normal geodesic rays. We refer to |1| for the proof of 
the following result: 

Theorem 2.1 

1. a (F } D,B) = (4vr)- m / 2 Tr(F)[M]. 

2. ai (F,D,B) = i(47r)-( m - 1 )/ 2 Tr(xF)[9M]. 

3. a 2 (F,D,B) = |(47r)- m / 2 {Tr(6FE + Fr)[M] 

+Tr(2FL aa + 3 X F. m + 12FS)[dM]}. 



amam 



4. a 3 (F, D, B) = 3| i (4vr)-( m - 1 )/ 2 Tr{F(96x^ + 1Q X t + 8F X R, 

+ (13n + - m.)L aa L bb + (211+ + im^)L ab L ab + 96SL aa + 192S 2 
-12X:aX;a) + F ;m ((6U + + 30II_)L aa + 96S) + 24 X F. mm }[dM}. 

5. a 4 (F, D, B) = 3io(47r)- m / 2 {Tr{F(60E ;ji + 60tE + 180E 2 

+300^- + Ur-u + 5r 2 - 2p ijPij + 2R ijkl R ijkl )}[M] 
+Tr{F{(240n + - 120n_)£ ;m + (4211+ - 18n_)r ;m 
+24L aa:bfe + 0L ab:ab + 120EL aa + 20rL aa + 4R amam L bb 
— ^2R a mbmL ab + 4:R abcb L ac + 0Q arn . a + ^-{(28011+ + 40U_)L aa L bb L cc 
+ (168n + - 26AU.)L ab L ab L cc + (224II+ + 320Tl-)L ab L bc L ac } 
+720SE + 120Sr + 0SR amam + lUSL aa L bb + A8SL ab L ab 
+A80S 2 L aa + A80S 3 + 120S.. aa + 60 XX -. a n am - l2 X .. aX .. a L bb 
-24 X :aX:bLab ~ l20 X .. aX .. a S} + F. m (180 X E + 30 X T + 0R amam 
+ i{(84II + - 180U_)L aa L bb + (84n + + 60U_)L ab L ab } 
+72SL aa + 2A0S 2 - 18 X: aX:a) + F ;mm (24L aa + 1205) 
+30 X F. iim }[dM]}. 

We introduce some additional notation to discuss 0,5. Let: 



A\ := F{3Q0 X E, mm + lUOE, m S 

+720 X E 2 + 2A0 X E.. aa + 2A0 X tE + 48 X t, u + 20 X r 2 

SXPijPij + $>XRijklRijkl - 12QXPmmE - 20 X p mm T 
T^oUTj t LZ X T- rnm -j- £ £ ± X Pmm:aa "T ^ X Pmm;mm 

+270r. m S + 120 Pmm S 2 + 960SS.. aa + lQ X R ammb p ab 

— 17XPmmPmm ~ ^0 X RammbRammb + 2880ES + 1440 S } 

+F ;m {(if n + - 60n_)r ;m + 240r5 - 90p mm S + 270S :aa 

+ (630n+ - 450IL_)£ ;m + 1440ES + 720S 3 } 
+F. mm {60 X r - 00 XPmm + 360 X E + 360S 2 } 

T-l-oUijr; mmm "T l ±o X r -mmmm- 

Let Bg denote pure Dirichlet boundary conditions if Vjv vanishes; S plays no 
role here. Similarly let 3$ denote Neumann boundary conditions modified 
by S if Vd vanishes. The following result was proved in || . 

Lemma 2.2 If the boundary of M is totally geodesic, then we have 

a 5 (F,D,B±) = ^(4vr)-( m - 1 )/ 2 Tr{^ + 120^x0^ 
+ (90IT + + 3Q0U_)Fn am n am + 600FS :a S :a }[dM]. 

Next we introduce terms involving the second fundamental form L. Let: 

A 2 := F{(90II + + A50U_)L aa E. m + (±§ill+ + 42U^)L aa r, m 

+30H + L ab R ammb;m + 240L aa S- bb + 420L ab S :ab + 390L aa:b S :b 
+480L ab:a S :b + 420L aa:bb S + Q0L ab:ab S 

~K !¥-'"'-+ + -TR^-)L a a: b L C c: b + (23811+ — 58Il_)L a b :a L cc: b 



16 -r ' 16 

+(— n + + -^U-)L ab:a L bc:c + (— n + — g-n_)L a 6 :c L a fe :c 

+ (ifin + + f Tl„)L ab:c L ac:b + (llin + - QU_)L aaM L cc 
+(-1511+ + 30U.)L ab:ab L cc + (-f n+ + f U^)L ab:ac L bc 

+( 945 n+ _ if U _) Laa . bcLbc + (ii 4n+ - 54n_)L bc:aa L 6c 

+1440L aa SE + 30L aa Sp mm + 240L aa Sr - 60L a6 p a6 S 
+180L a6 Sii! amm6 + (19511+ - 105Tl_)L aa L bb E 
+ (30n+ + 150U^)L ab L ab E + (if n+ - ±fll„)L aa L bb T 
+ (511+ + 25II_)L ob L a6 T + (-^11+ + 2 -§Tl-)L aa L bb p mm 

+(-^n+ + ?fnj)L ab L ab p mm + (-n+ - i4n_)L cc L afePafe 

+(— n+ — — U_) L cc L ab R ammb + 16 X L ab L ac p bc 
+ ( _ 2~n+ + yll_) L ab L ac R bmmc — 32 X L ab L c dRac b d 

+ _ 2 _ -^cc-^a6-^aft>-> + ll^s" 1 ^ + i^gH-J-^aa-^M-^cc-^dd 



+150 L ab L bc L ac S + (-32-II4. + -^-U_)L cc L dd L ab L ab 
+1080L aa L bb S + 360L ab L ab S + (-^-Il + — -^ 2 -Il^)L ab L ab L cd L cd 
+—L aa L bb L cc S + (25II + — 2"n_) L dd L a bL bc L ac 
+2lWL aa S 3 + (fin + + ^Ii.)L ab L bc L cd L da } 
+F ;m {(90n + + A50U.)L aa E + (-*flL+ - ?fYl_)L aaPmm 
+ (15n + + 75n_)L aa r + Q00L aa S 2 + (±§^II + - f^II_)L aa:feb 
-fxLab-.ab + (1511+ - 30n_)L abPab 

+ ( 4~ + H ^-H-) LabRammb H ^ aa hb 2 ab ab 

j_(459yt 1 495tt \T T T _i_f' 267 TT I485TT \T T T 

"TV"32" ii + "r "32" 1J — l^aa^bb^cc "T ^-jg-ll+ leT 11 - l^cc^ab^ab 

+ (-54n + + ^n_)L a6 L 6c L ac } 

+-^';mm{30L aa S' + (-jg-ILf. jg-Il_)L aa Z/6b 

+(-^n + + if n_)L a6 L a6 
+F :mmm (-3on + + i05n_)L a 



The following result was proved in 
Lemma 2.3 VFe /iave: 



a 5 {F, D, S±) = ^(4vr)-( m - 1 )/ 2 Tr{^ + ^ + 120F X !^U 
+ (90n + + 360n_)Ffi am fi am + 6OOFS SO £ !O }[0M]. 



To generalize Lemma |2.3| to mixed boundary conditions, we introduce the 
additional terms describing the interaction of Vjy and Vr>. Let: 

Al(w) := F{ Wl E 2 + w 2X E X E + w 3 S.. a S :a + w 4X S :a S :a 

+W 5 Q ab Q ab + WQX^ab^ab + W 7 X^abX^ab + W 8 ^am^am 
+W 9 X^am^am + W 10 X^amX^am + U>11 (^amX^-.a ~ ^amS-.aX) 
+Wi2XX:a^amL cc + Wi 3 X:aX:b^ab + W U XX:aX:b^ab 
+W 15 XX:a^am;m + W 16 XX:a^ab:b + W 17 XX:a^bmL a b + W 18 X:aE; a 
+W 19 X:aX:aE + W 2Q XX:aX:aE + W 2 lX:aaE + W 2 2X:aX:aT 

+W 2 3X:aX:aPmm + W 24 X:aX:bPab + W 25 X:aX:bRmabm 
+W 26 X:aX:aL b bL cc + W 21 X:aX:bL ac L bc + W 2S X;aX;aL cd L cd 
+W 29 X:aX:bL a bL cc + W m X:aS- a L cc + W 31 X:aS :b L ab 

+W 32 X:aX:aX:bX:b + W 33 X:aX:bX:aX:b + W U X:aaX:bb + W 35 X:abX:ab 
+W m X:aX:aX:bb + W 37 X:bX:aab] + F ;m {w 38 X:aS:a + W 39 X:aX:aL cc 
+W40X:aX:bL a b + W 4 lXX:a^am} + F. mm {w 42 X:aX:a} ■ 



The following Theorem represents the main result of this paper: 
Theorem 2.4 We have 



a 5 (F,D,B) = ^{^)-^-^^{A\ + Al + Al{w))[dM} 
where the universal constants w = (wx, ■■■,1043) are given by: 



w 5 = -±f 



Wx 



-180 



w 2 = 180 



-w=t 



w 3 = -120 



w A = 720 



w 6 = 120 



w s 



-45 



w 9 = 180 



w w 



-45 



wxx = 360 



Wx2 = 45 



Wl3 = -180 



w u = 90 



w 15 = 90 



wxe = 120 



wxr = 180 



w 18 = 300 



WW 



-180 



w 2 o 



-90 



w 2 i = 240 



w 2 2 



"575" 
32 



-30 

~TT" 



M7 23 = 



W 2 4 



"W" 
16 



-60 

~B75" 



W 25 = 30 



^26 



W 27 



^28 



W 2 9 



W30 



15" 

■1 



8 



~J5"" 

4 
"TBS" 

16 



-330 

105 
2 
305"" 



W 3 x 



-300 



W32 



W33 



W34 



W35 



"T35" 
2 



^36 



-15 



W37 



W38 



-210 



W39 



w m 



W/xi = 135 



ti; 42 = —30 



The remainder of this paper is devoted to the evaluation of these con- 
stants; the various coefficients are determined in the following sections: 



Wx 



w 7 



WX3 



WX9 



W 2 5 



W 3 X 



W 37 



w 2 



w 8 



Wu 



UJ20 



W26 



W32 



^38 



W 3 



W 9 



W 15 



W 2 X 



m 



w 2 7 



^33 



^39 



w^ 



Wxo 



Wxe 



W22 



^28 



^34 



W 4 



W 5 



Wxx 



I 



w 17 



W23 



W29 



W35 



Wxx 



w e 



WX2 



Wx8 



W24 



W30 



^36 



W A2 



3 Invar iance theory 

The main result of this section is the following technical result. 
Lemma 3.1 There exist universal constants Wi so that 



«5( 



(F,D,B) = ^AArx)-^-^Tx{A\ + Al + Al{w))[dM]. 



F- m ...m be the v 



normal covariant derivative of the smear- 
,,, and E have order 2; let L ab and S have order 



Let N V (F) 
ing function F. Let Rijki, &■ 
1, and let x have order 0. We increase the order by 1 for every explicit 
covariant derivative. The following Lemma is proved in [0] and summarizes 
some of the properties of the invariants a n that we shall need. 



Lemma 3.2 



1. There exists an invariant local formula af = a^f(x,D) on M which 
is homogeneous of order n and which vanishes if n is odd, and there 
exist invariant local formulas a^f = a®^(y,D,B) on dM which are 
homogeneous of order n — v — 1 so that 

a n (F,D,B) = Tr(Fa™)[M] + £ Tr(N»(F)a d n M „)[dM]. 

0<v<n-l 

2. Let M = M 1 x M 2 for M 1 closed. Let D = D x <g> 1 + 1 <g> D 2 . Then 

a^(x,D)= J^ a^(x 1 ,D 1 )a^(x 2 ,D 2 ) and 

p+q=n 

a™(y,D,B) = £ a^(x l ,D l )a d q ^(y 2 ,D 2 ,B). 

p+q=n 

3. Let D = Dx © D 2 over M. Then 

of (x, D) = of (x, Dx) + of (x, D 2 ) and 
a™(y, D, B) = a™(y, D U B) + a™(y, D 2 , B). 

4- We have the following variational formulas: 

j- e \ e=0 a m . 2 {e~ 2 ^F,e- 2 ^D,B) = and 

| | £=0 o n (l, e~ 2 * F D, B) = (m- n)a n (F, D, B). 

5. Let P : C°°(Vi) — > C°°(V 2 ) be an elliptic complex of Dirac type. Let 
D := P*P and let D := PP* be the associated operators of Laplace 
type. With suitable boundary conditions, we have: 

a m (l, D, B) — a m (l, D, B) = index(P) and 
a n (l, D, B) - o n (l, D,B) = Qifn=£m. 

The invariants which do not involve the interaction between Vd and Vn 
were determined in [|[ [13| . There are no interior invariants since 5 is odd. 



To complete the proof of Lemma |3.1| , we must exhibit a spanning set for the 
space of boundary invariants which are homogeneous of order 4; assertion 2 
and 3 of Lemma 13.21 show that the constants W; are dimension free. We can 



eliminate some terms from consideration: 

Lemma 3.3 Let X be an arbitrary scalar monomial. 

1. The following invariants do not appear in a 5 : Xxx, a E, a , XX-.aX-.abb, 

^^am[i^:aX ~r X^:a)j XX:aX:b^-ab> ^^am^-.aj ^;inXX:o":ni \X:aaX XX.aa)-^ > 
XijX-.aQkl, and X:a,Qjk;i- 



9 



2. The following invariants are linear combinations of the invariants defin- 
ing J^^. XX:aaX:bbj XX:abX:ab; XX:aaXX:bb; XX:abXX:ab; XX:abX.aX:b; 
XX:abX:bX:a, and XX:aaX:bX:b ■ 

3. We have the following relations: TrixX-.aX-.bX-.aX-.b) = 0, 
Tr(xX-.aX a ) = 0, (Trxx-.aX-.aX) = 0, Tr(x-.abX ab ) = 0, and 

Tr( X :aX a ) = 0. 

Proof: We use arguments of |2j to prove the first assertion. Let the smearing 
function F be real. Suppose that the bundle V, the operator D, and the 
endomorphisms S and x are rea l- It then follows that Tr(Fe~ tDs ) is real. 
Thus all the coefficients must be real. Suppose next that V is complex, that 
V is Hermitian, and that E, S, and x are self-adjoint. Then the operator 
Djs is self-adjoint and again Tr(Fe~ tDB ) is real. The curvature tensor f^- is 
anti-Hermitian as it is a commutator of two covariant derivatives. The terms 
in the first assertion have purely imaginary trace and thus do will not appear 
in the formula for af M . 

Let {A, B} := AB + BA be the anti-commutator. We differentiate the 
identity x 2 = 1 to see 

iXX:a} = 0, {X:ab,X} + {X:a,X:b} = 0, 
{X:aab, X} + {X:aa, X:b] + HX:ab, X:a] = 0. 

We use the Ricci identity to see that, at the cost of getting additional 
terms involving Q, the fourth derivative of x can be reduced to terms with 
lower derivatives. Thus 

{x-.aabb, x] + (fewer derivatives in x) = 0. 
We differentiate the relation x$ — £>X = S to see that: 

SX:a + S; a X = S :a = X:aS + X&.a 

S:ab = SX:ab + S :a X:b + S :b X:a + S :ab X (3) 

= X:abS + X:aS;b + X:bS- a + X^-.ab- 

We also observe that: 

T?(X:aX:bX:ab) = ^(X:aX:bX{X, X:ab\) = "Tt (xX:aX:aX:bX:b) 
T?(X:aX:aX:bb) = ~Tr (xX:aX:aX:bX:b) ■ 

We use Equation (|3|) to see that we do not need a x, a X-.a n or a X-.aa touching 
an S. We use the identities Ti(xX:aS-bL a b) = and 

Tl(SX:abL a b) = ~Tl (SX:aX:bL a b) = -Tl(S :a X:bL a b) 

10 



together with Equation (§) to see that Tr(x:aS) = 0, Tr(xS-.b) = Tr(S : i 
Tr(xS:aXS-.a) = Tr(2xS :a S :a - S :a S. a ), and 

^{xS.abLab) = ^{S.abLab ~ SX:abL a b ~ 2S:aX:bL a b) 
= Tr^S.abLab — S;aX:bL a b)- □ 



In addition to the relations of Lemma |3.3| , we note that terms obtained 
by commuting the order of derivatives are controlled by the Ricci identity. 

Proof of Lemma |3.1| : We have eliminated most of the additional possible 
terms which might otherwise be thought to appear in the local formula for 
05. Note that terms of the form xX-.ab^ab are controlled by X:aX-.bX a b- There 
are, however, a few remaining terms to be eliminated. We order these terms 
by length and complete the proof by eliminating these terms. 

1. (Terms of length 2). As Q a b is antisymmetric, we have Tr(x : ab^ab) = 0. 

2. (Terms of length 3). We use the Ricci identity to see that 

1 1 

XX.ab^ab = ~X(X:ab ~ X:ba)^ab = ~X[X, ^ab\^ab- 

The terms on the right hand side are controlled and thus we may omit 
Tr(xX:abQ) from our list of invariants. A similar argument shows we 
may omit TT(x- a bX^ab) from our list of invariants. We use Lemma |3.3| 
to exclude the invariant xX-.aaE — x-.aaXE- We control the invariant 

XX:aaE + X:aaXE by X:aX:aE . 

3. (Terms of length 4). By Equation (0), TrixX-.abX^ab) = 0. □ 

The following relations follow from Lemma EO and from the product 



formula of assertion 2 of Lemma 3.2 



Lemma 3.4 We have w^ + w^ = 600, Wi 9 = —180, w 2 2 = —30, w 5 + w 7 = 0, 
and w G = 120. 



4 Two dimensional calculations 

Let D be an operator of Laplace type on the trivial vector bundle over the 
cylinder M := S 1 x [0, 1], which we endow with the standard flat metric. We 
specialize the formula for a$ to the situation at hand. We set L = 0, R = 0, 
F = 1, m — 2, and a = b = c = 1. This yields the expression: 

o B (l, D, B) = 5760" 1 (47r)- 1/2 Tr{360x^;22 + IU0E. 2 S + 720x# 2 
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+240x^ : ii + 96055:11 + 2880ES 2 + 1440S 4 + w x E 2 
+w 2 xExE + w 3 S : iS;i + w^xS-iS-i + u> 8 fii2^i2 

^10X^12X^12 + W U (Ql2XS:l ~ tolsS.xx) 



+Wl5XX:1^12;2 + Wl8X:l-^:l + Wl 9 X:lX:l J 

+W 2 lX:ll£ + W 3 2X:lX:lX:lX:l + W 33 X:lX:lX:lX:l + W 34 X:llX:ll 



We use 



+ ^35X:llX:ll + W 36 X:lX:lX:ll + W 3 7X:lX:lll}[dM] . 

the relation w 3 + w 4 = 600 to see that 

Tr(960SS : n + w 3 5 : i5 : i + w 4X S:iS :1 )[dM} 
= Tr(-3605 :1 5 : i - 2w A U^S :1 S : i)[dM]. 



We integrate by parts to see f : ig[dM] = — fg..\[dM\. We use this relation to 
see Tr(x:iX:iX:ii)[<9^1 = an d to simplify the expression for 05. This shows: 

o 5 (l, D, B) = 5760" 1 (47r)" 1/2 Tr{360x^;22 + IU0E. 2 S + 720 X E 2 
+2880ES 2 + 14405 4 + w x E 2 + w 2 xExE - 360S : iS : i 

-2w 4 n_S' : iS' : i + W 8 £li 2 VL 12 + U> 9 X^12^12 + ^10X^12X^12 
+W U (Q 12 XS:1 - Ql 2 S :1 x) + Wl5XX:1^12;2 + W 19 X:lX:l E 
+W20XX:lX:lE + (240 - W 18 + W 21 )X:llE 
+ (w 32 + W 33 )X:lX:lX:lX:l + (^34 + W 35 ~ W 37 )X:llX:ll}[dM}. 

Lemma 4.1 We have 



Wi = 


-180 


w 2 = 180 


w 3 = ■ 


-120 


w 4 = 720 


w s = 


-45 


Wg = 180 


w 10 = 


-45 


ton = 360 


Wis = 


90 


Wig = -180 


w 20 = 


-90 


w 21 - w 18 = 


-60 



Proof: We apply the local index formula of Lemma |3.2j (5). Let i, j, and k 
be real skew-adjoint 4x4 matrices satisfying the quaternion relations. Let 

A := a + ia% + ja 2 + ka 3 for a E R © v^LR 3 
B :=b + i6i + jb 2 + kb 3 for b G ^/^1R © R 3 

be matrix valued functions on M. Then A* = A and B* = —B. Let 

p ■= % d l +J d 2 + A + B and P* := id x +jd 2 + A-B 

be operators of Dirac type and let D := P*P and D := P P* be the associated 
operators of Laplace type. Let x := V~ 1*; we note that x 2 — 1> X^ = i>Xi 
and XJ — —JX- Let LT-i- := |(1 ± x) be the complementary projections on 
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the ±1 eigenspaces of x- We define admissible boundary operators B and B 
of mixed type which make D and D self-adjoint: 

B<p := (n_0)U © (n_P0)| aM , and b<\> := (n_0)u © (n_p»| aM - 

Since P intertwines D and P and since the index of this complex is zero, 

a n (l,D,B) = a n (l,D,B). 

If we interchange B and — P, then we interchange the roles of P and P* and 
the roles of D and D. Thus the terms of odd degree in B must vanish in 
a n (l, P, B). Let i = &A, B = d t B, A = d 2 A, and B = d 2 B. We first study 
the terms which are bilinear in the jets of A and B. These terms change sign 
if we interchange the roles of D and D and hence their coefficient in a^ must 
be zero. Let J := 2Tr(J) and /C := 1\J— lTr(J). We use Lemmas A.1-A.3 to 
obtain the following system of Equations. 

= 2w 8 + 2w w + 2wi 5 {aohJ) 

= ~2w 8 + 2w w (aohJ) 

= -2w 9 + 2(240 - w 18 + w 21 ) (0163/C) 

= -2w 2 - 2w t (a 3 b J) 

= -2w 2 + 2wx + |1440 (a 3 b J) 

= 2(240 - wis + w 21 ) - 360 (a 3 b 2 )C) 

= 4w 8 + 4w 10 + 1440 - I2w 15 (a a b 2 J) 

This implies that: 

w 8 = -45, w 9 = 180, w w = -45, w 2 = 180, 
wi = -180, (240 - w 18 + w 21 ) = 180, wi 5 = 90. 

Next we set a = oi = a 2 = 0, we let a 3 be a constant, and we assume 
B = B(xi). This yields the following system of Equations we use to complete 
the proof of Lemma [O . 

= 4w 20 - 6(240 - wis + W21) +2-720 M^, bokhJC) 
= -8w; 2 o - 2w 4 + 8(240 - tw 18 + w 21 ) 

+ 2(-360) - 2880 + 2 • 1440 (a 3 6|/C) 
= 4w 8 + 4w 10 — 4w 15 

- 2(-4u; 8 + Awio + 4^i 5 + 4iw 19 ) (khhJ, hb 2 3 J) 

= 4wi 9 + |2880 - 2w u . D (6i^J0 

5 Calculations on the ball 

In this section, we compare the results of calculations on the ball performed 
in ^, with the formula from Theorem TA to establish the following result: 
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Lemma 5.1 We have the following relations: 
-135 = 2u; 2 7 + 4ti> 33 + 2w 35 

705 = 16lf28 + 16u>29 — 4u> 3 i + I6W32 — I6W733 + I6W34 — I6W37 

1725 = 2w 3 + 32w 26 - 8w 3 o 

—675 = 32w7 2 6 

1935 = 16u>28 + 16w 2 9 - 8u>3o + 32w 32 + 32u> 34 + 16w 35 + 32w 36 - 32m; 37 

585 = 4w 2 7 - 2u> 3 i + 8w 32 + 16u> 33 + 8w 34 + 12w 35 - 8u> 36 - 8w 37 . 

Proof: We start with the Dirac spinors. Let 7$ G M 2 [m/a] be the Dirac gamma 
matrices; these satisfy the Clifford commutation relation Jjjk+Jkjj = —2o~kj- 
Let P = 7 M V^i be an operator of Dirac type. We assume that the connection 
is compatible, in other words V7 = 0, or in index notation, [V M , 7^] = 0. For 
m even, let 

We then have (T 5 ) 2 = 1 and r 5 7j + t,T 5 = 0. We refer to @ for further 
information concerning the spectral geometry of the Dirac operator with local 
boundary conditions. We use formulas from @ . Consider the boundary value 
problem for the corresponding Laplacian D = P 2 . We set 

X '■= -r 5 7 m and S := -|L a JI + 

to define admissible boundary conditions. The endomorphism E, the Rie- 
mann curvature and Q are zero. Since L a & :c = and L a b = 5 a b, we have: 

X:a = L ac T 7c, X-ab = —L a cLbcX> S :a = — ^LbbX.a, S :a b = ^LddL a cLbcX- 

Dowker, Apps, Kirsten and Bordag showed in || that: 

2- m+1 2 m ' 2 ^ ( 29(m-l) 91(m-l) 2 

a5(1 ' A ^ 5) " f(f) { 2560 - + 30720 

ll(m-l) 3 89(m-l) 4 \ 

+ 3840 122880 ) ' 

We have Vol(5' m ~ 1 ) = 27r m / 2 /T(y). We compare coefficients of the powers 



of m — 1 in the above equation with the general formula of Theorem [T4| to 
establish the first three equations of Lemma |5.1| . 

Next we study vector fields (or 1-forms) on the unit ball with absolute 
boundary conditions. For these boundary conditions, x can be viewed as a 
matrix acting in the tangent space to M: 

Xmm = "I, Xba = 0~ba, and S = -11+ . 
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As above, E = 0, R = 0, and Q = 0. We have that: 

(X:a)mb = {X:a)bm = ~^ab 

{X:ab)mm = 4<5 a ft , {x.abjcd = ~ 2(<5 c d<5ad + &ac&bd) 



We use 



(see also 



the final assertions of Lemma 15.11 follow: 



( 47r )(m-l)/2 



Vol S< 



m—1 



«5 



T9| ) to see the following relationship from which 

I) 3 



1309 (m 



15360 
26587 (m 



1) 6313 (m 

D 4 



737280 



+ 



36864 
2041 (m 



l) 2 6359 (m 



46080 



737280 



-. D 



6 Conformal relations 

Lemma 6.1 We have the following relations: 



Wie = 120 



w 2 4 = —60 



^28 



^32 






~Jj55" 
_L£_ 



w m = -15 



W 40 = - 



105 



w 18 = 300 



w 25 = 30 



W 2 g 



W33 



"575" 



W37 



155" 
_2_ 



W 42 



-30 



w 2 i = 240 



^26 = - 



B75~ 
32 



W30 



-330 



W34 



12 



^38 = -210 



w 23 = 



^27 = - 



7F 
4 



W31 



-300 



W35 



105 



^39 



"TBS" 
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Proof: We use Lemma |3.2j (4). Consider the variations D(e) = e 2€ ^D, 
g (e) = e 2e fg, and F(e) = e~ 2 ^F. We set 

3(e) = e-* f Tl + {uj m (0) - u m (e) + S}. 



to fix the boundary conditions. Let e* be an orthonormal frame for the 
tangent and cotangent bundles of M with respect to the reference metric 
g(0). Let ej(e) = e^e, and e l (e) = e e ^e l be the corresponding frames for the 
metric g(e). We remark that contraction and differentiation do not commute; 

for example. Although the Christoffel symbols T are not tensorial, their 
variation is tensorial. We have the following relations; a more extensive 
list is given in || . Conformal variations of the new invariants are listed in 
Appendix B. 



' d_\ -p\ k 



$ikf;j + Sjkf-i — Sijf-k, 
V( ^ e |e=U-^yao — OabJ;m J ^abi 

£\ e=0 (S) = -fS + U + l(m-2)f ]m , 
d 



vx|€=o£) C 



del 



-_ {E) = -2fE+\{m-2)f, ih and 



yfe\e=oR)ijkl 



$ikf;jl + Ojlf.jk — Otff.jk — bjkf;il + 2fR 



ijkl- 
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The following relations are obtained from Lemma |3.2| (4) by comparing 
coefficients before various terms (listed on the left). Lemma |6.1| follows from 
these relations. 

Term Coefficient 

Fx-.aE-.a = 2wi 8 - (m - 3)1021 - 360 + 1440(m - 2) 

- 240(m - 3) - 960(m - 1) + 240 
F- m X:aS: a = (m - l)w 30 - \{m - 2)w 3 + 480(m - 2) 

+ w 31 + (m - 5)w 38 

F-mmX:aX:a = \(m - 2)u>ig - 2(to - l)u>22 ~ (m - l)w 2 3 

- u> 24 - ^25 — (m — 5)u> 42 

F m L bb X:aX:a = §(ro - 2)u>ig - 2(m - l)lW 22 - W23 ~ ^ 24 + ^29 
+ 2(m - 1)1026 + 2w 2 8 - |( m ~~ 2 ) W 30 
+ (m - 5)u? 39 

Fx-.aabX-.b = (m - 2)io 19 - 4(m - l)w 22 - 2w 23 - 2(m - l)w 24 

- 2w 2 5 - 2(ra - 3)u> 34 + 2u? 35 + (m - l)ty 37 

FX:abX:ab = (m - 2)w 19 - 4(m - l)w 22 - 2U?23 

- mw 2 4 - ^25 + 4^35 

F-mX:aX:bLab = -|(to - 2)?i>31 - (m - 2)w 24 - W 2 5 + 2^27 

+ (m - l)w 2 9 + (m — 5)u> 40 

FX:aaX:bb = -(iTL - 2)w 2A - W 25 - 2(m - 3)w 34 - 2w 3b 

+ (m - l)io 37 

f;mXX:«^am = +|(m - 2)w n - (m - 1)^12 ~ 2w 15 - W 17 

- (m — 5)u>4i 

Fx-.aX-.b^ab = w 15 + (m- 5)w ie + 4(ra - 2)it> 19 - 16(m - l)it> 22 

- 8w 2 3 - (2m + 4)w 2 4 - 2u>25 + 12w 35 
Fxx-.a^ab-.b = -1015 - (m - 5)ioi 6 - 2(ra - 2)u>i 9 + 8(m - l)w 2 2 

+ 4u7 2 3 + 4u>24 - 4u> 35 

Ffl ab Q ab = -|wi5 - |(m - 5)wi 6 - (m - 2)u; 24 - w 25 + 2w 35 

f;mF- m X:aX:a = W m + 5w 42 + Qw 39 - |w 38 . D 

7 Two more index theorem examples 

The only remaining universal constants to be determined are the coefficients 
of the following terms: 

P ■= l(w 5 -W 7 )F(n ab n ab -X^abX^ab)+W 12 FxX:a^amL cc 
+W 13 FX:aX:b^ab + W 1A FxX:aX:b&ab 
+Wi 7 FxX-AmL ab + W 41 F. m XX:a^am- (4) 



Lemma 7.1 We have 
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-l(w s -w 7 ) = 


105 
4 


w 17 = -180 


Wl2 = 


-45 


iwia = -180 


w u = 90 





Let M be the generalized cylinder M := S l x S 1 .... xS'x [0, 1] for m even 
with the conformally flat metric 

ds 2 = e 2f (dxl + ... + dx 2 m ). 

Let 7j be skew-adjoint matrices satisfying the Clifford relations. Let 

A := e-%<9;) and A* := e^^e^- 1 ^. 

Let D™ := A*A and Z)M := AA* be the associated Laplacians. We set 

\m/2 r 



r°:=(V-l) m/ ' , 7i---7m, X:=-r° 7m 
Bt°]0 := (n_0)| aM © (n_A0)| SM , and 
BW0:=(n_0)| aAf ©(n_A*0)|aAf. 



We use the local index formula of Lemma |3.2| (5) to see that 

a 5 (l,D^,B^)=a 5 (l,D^,B^). 

We use this relationship to derive certain additional relations among the 
coefficients appearing in Equation (f|). Let a comma denote ordinary partial 
differentiation. For simplicity we put f\dM — 0. This implies also f >a \dM = 0, 
but, in general, f ma \dM 7^ 0. We compute: 



D m 

D [0] 



-2/ 



{ - d 2 - im/, 4 [7i, 7,-ja,- + (2 - m)/,^ 



w 



,.[o] 

^[0] 



e~ 2f {-d 2 + \{m - 2)/ ii [ 7i , 7i ]9 i + (2 - m)/,^}, 

-M7<»7i]/j» 

-Jrra {/,«[7i. 7*] ~ /,fci[7i> 7fc} 

+im 2 {-/j/,fc[7i>7fc] + /,t/,fc[7i>7*] + /,fc/,fc[7i>7i]} 



-2/ 



(m -!){/,« + i/ li /, i (m 2 - 4)}, 



(m - i)/, m n+, 

|(m-2)[7 i ,7 i ]/, i , 

l(m - 2) {/, fci [7j, 7*] - /,*i[7i> 7fc} 

+ i(m - 2) 2 {-/^/,fe[7i, 7fc] + f, if, k[li» 7fc] + /,fc/,fe[7i> 7j]} 

l e -2/( m _l)( m _ 2 )V )4 / i4 , and 

0. 
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The metric and hence the Riemann tensor is the same for both operators: 
R % jki = f,jf,k$u + f,if,i8jk — fjfjfiik — f,if,k8ji 

+f,pf,p(3jl$ik — SjkSu). 

We can now compute the invariants 05(1, D^\ £>M). In Equation (H), the 
terms \{w§ — w 7 ),Wi2,Wi 3 and Wn contribute to a 5 in this setting. The 
invariants that appear in these contributions are f t amf,am, f,mmf 2 m , fin, and 
thus only terms of these types need to be kept during the calculation. In 
Appendix C we have listed all contributions appearing in 05(1, D^\B^) — 
05(1, D^°\B^). We therefore have the relations: 

Term Coefficient 



f,amf,am = 105 + 4(1/2) (w 5 - W 7 ) 

f 2 m f,mm = 135 - w 12 + w i7 + m(45 + w 12 
f% = 180 + Wl3 . 



■2 r n - ir; ,/ r; ,,, i (^) 



We use Lemma |37| to determine w^ and w 7 ] w±x is now determined by the 
conformal relation of the previous section. This determines all the coefficients 
but io 14 . 

Let M be as in Lemma 6.1, let A = 7j(<9j + xfi), let f m be imaginary, and 
f a be real. It is obvious that a 5 (l, A* A) = a 5 (l, AA*). Since A* = 7j(9j— %/»), 
the heat kernel for AA* is obtained from that for A* A by changing sign before 
fi. Therefore, all coefficients before odd powers of fc must vanish. Thus the 
coefficient before f^f a ,a in 05(1, A* A) is zero. As above, S = 0. We compute: 

W a = -[lb, la]xfb ~ lalmXfm 

^m XJm 

* ^am Jm,aX ^1a1mJ m 

^ab = -^ (/c,o[76j 7c] - /c,6[To> 7c]) X ~ (fm,bja ~ fm,alb)lmX 



-[la, 7b]/, 



+ 2/c/m(- 2 7a7c7fc + 27fe7c7a + 7c[7a, 7b] + [7a, 7b]7c) 

E = xfa,a - (m - l)/£ + 2(m - 3)-f a -f m f a f m . 

Since we are looking for the terms with f^f a ,a, all derivatives with respect 
to the m-th coordinate are not considered. We compute: 

X:a ^Jrnlaim 

X:ab = -2jalmfm,b + ([7c, 7b]7a + 7a [7c, lb])lmXfcf m + ^abXfm 

X:aa = -^lalmfm,a + 4(m - I) f m X- 



Only four invariants contain fmfa,a' 



Invariant 


Coefficient of f^f a ,a 


Coefficient 


in a§ 


XX:aX:b^ab 


8(m-2) 


Wl4 




XE 2 


-2(m-l) 


720 




X:aE;a 


-2(m + l) 


-180 




XX:aX:aE 


-4(ra - 1) 


-90 





Since all coefficients before odd powers of fi must vanish, u>i 4 = 90. This 



completes the proof of Lemma |7.1| and thereby of the main result of this 
paper, Theorem \2.4\ . □ 



A Appendix 



We adopt the notation of §[|[ Let 

M = S X x [0,1], 

A := a + iai + ja 2 + fca 3 

P: = id 1+ jd 2 + A + B, 

D = P*P, 
A section / satisfies the boundary conditions (Bf 
H-f\dM = and U^PfldM = 0. 



x ■-- 

B : 


= 6 + i&l + J&2 + &&3 


p* 


:=^i+j'9 2 + A-5 



0) if and only if we have 



Lemma A.l We have the following relations: 

uji = Oi — ao* + &3j — &2^ owd u 2 = a 2 — a j — b 3 i + b\ k. 

^12 = (02 - Si) + (-63 + So + 2b 3 b ± - 2a 6 2 )« + (-So - h + 2a 6i + 2b 2 b 3 )j 

+ (61 + & 2 + 2ajj + 2&2)fc. 
£ = (61 + 6 2 + ag + a^ + b 2 + &§) + (-b - d 3 + 2a 3 6 2 + 26 &i)z 

+(d 3 — 6 - 2a 3 6i + 2b b 2 )j + (— d 2 + a x - 2a a 3 + 2b b 3 )k. 
X-.i = V=l(-2b 3 k - 2b 2 j), xx-.i = 2{b 2 k - b 3 j) and X \ = ®>\ + 4fe|. 
X:ii = V /=I T((-46i - 4fo|)i + (-263 - 4a 6 3 )j + (-26 3 + 4a 6 2 )A;). 

5 = n + ( v / ^Ta 3 + &2). 

S :1 = n+(>/=Td3 + 63) + v /T T(v /T Ta 3 + & 2 )(-& 3 A; - 6 2 j). 
XaS - 5xa = 2( v / ^Ta 3 + M( & 3J - b 2 k). 

Proof: We compute that: 

D = P*P = -dl -dl + (iA + Ai + iB- Bi)d x + (J A + Aj+jB- Bj)d 2 

+iA + iB+ jA + jB + AB-BA + A 2 -B 2 
u)\ = —\{iA + Ai + iB — Bi) — a\ — a i + b 3 j — b 2 k 
u 2 = ~\{jA + Aj + jB - Bf) = a 2 - a j - b 3 i + b x k 
uj\uj 2 — ijJ 2 uj\ = 2a\k + 2aobij + 26 3 A; + 2b 3 b\i — 2a§b 2 i + 2b 2 b 3 j 
O12 = dito 2 — d 2 uj\ + ujiuj 2 — uj 2 uji 

= (d 2 - di) + (-63 + d + 2b 3 bi - 2a b 2 )i + (— d - b 3 + 2a bi + 2b 2 b 3 )j 
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+ {b 1 + b 2 + 2a 2 + 2b 2 )k 
E = £ 1 +£ 2 for 

E x = -%A - %B - jA - jB - ux 
= -iA-iB + \(iA + Ai + iB 



- lo 2 
Bi)- 



-jA-jB + UjA + Aj+jB-Bj) 



= \{Ai -iA-iB 
= a 3 j - a 2 k + b x - 
S 2 = B 2 - A 2 + BA - 
= b 2 -b 2 -b 2 -b 2 + 2b bxt 



+2(a 2 bx - 



+ ai 



-Bi) + ±{Aj-jA-jB-Bj) 

b i - a 3 i + axk + b 2 - b j 
- AB - Luj - uj\ 

2b b 2 j + 2b b 3 k 
a\ — 2a axi — 2a a 2 j — 2a a 3 k 



axb 2 )k + 2(a 3 b 2 - a 2 b 3 )i + 2(axb 3 - a 3 bx)j 



a{ + ag + b 3 + b 2 2 + 2aia i — 2axb 3 j + 2axb 2 k 
a 2 + a o + &i + &i + 2a 2 a j + 2a 2 6 3 2 — 2a 2 bxk 

2a 3 b t j 



b 2 k,i] 



Ab 2 i - Ab 2 i] 



= % + a 3 + 6q + 63 — 2a a 3 k + 2a 3 6 2 i 

+2&oM + 26 &2J + 26 &3^ 
X:i = V^T^i)] = v /T T[-ao« + hj - 
= 2^l{-b 3 k - b 2 j) 

X:U = 9xX:l+ [Wl,X:l] 

= V^I[-2& 3 A; - 26 2 j - Aa b 3 j + Aa b 2 k 
Suppose II_/ = on the boundary. Then 
U.Pf = U4tdx+jd 2 -j(jA + jB))f 

= jU + (d 2 + uj 2 -uj 2 - j A - jB)U + f 
S = U + (l(jA + Aj + jB - Bj) - j A - jB)U + 

= ^U+(-jA + Aj-jB-Bj)U + 

= Tl + (-a 3 i + axk + b 2 - b j)U + 

= U+(-ia 3 + 62) = U + (y/^la 3 + b 2 ) 
S..x = n+(v^Ta 3 + b 2 ) + lx-.i(V^la 3 + b 2 ). 

The Lemma now follows. □ 

If E is a local invariant, let /i(£) = Tr (£(D,B)) - Tr(E(D,B)). Then 
/x(a n (l, •)) [dM] = 0. We compute /j,(E) for the terms appearing in the formula 
for a 5 contained in §f|. We organize these terms into two lemmas to group 
the data involved. In Lemma IA.2L we determine the terms which are bilinear 



in A and B or which involve aoaob 2 . In Lemma |A.3| , we study terms in a 3 
and in the jets of B. 



Lemma A. 2 Terms which are bilinear in A and B, and the term a b 2 aoJ'. 
''-■ ' - 2(a b 3 - a b 3 )J + 4a b 2 a J + . . . (w 8 ) 



M^L 



Mx^i 2 ) = 2{a 2 6 3 - axb 3 }lC + ... 

/x(x^i2X^i2) = (2a & 3 + 2d & 3 + 4a b 2 a )J + ... 

fi(xE 2 ) = (2S 3 &! + 25 3 6 2 )/C + . . . 

ld(xExE) = -2(a 3 b + a 3 b )J + ... 

n{E 2 ) = 2(-a 3 b + d 3 ~b )J + ... 



{wxo) 
(720) 

iw 2 ) 
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n(x-.uE) = 2(a 3 b 2 - a 2 b 3 + Oi6 3 )/C + . . . (240 - w 18 + w 21 ) 

MX:llX:ll) = 0+... _ (w 34 + w 35 - w 37 ) 

fi( X E.. 22 ) = 2(-d 2 (a 3 b 2 ) + 2b 1 d 2 d 1 a 3 + d 3 &i)/C + . . .. (360) 

/x{S ;11 S :1 } = d 3 & 2 /C + .... (-360) 

MS£ ;2 ) = i(o 3 9i^6i + a 3 d 2 2 b 2 + b 2 d 2 a 3 )IC (1440) 

(-ia 3 9i9 2 6 + a a b 2 )J + . . . 

fi(S 2 E) = + . . . (2880) 

/ifs 4 ) = + . . . (1440) 

^(n_5 : i5 : i) = + . . . (-2tU 4 ) 

At(X:lX:l^) = + . . . (lUig) 

MXX:lX:l-E) = + . . . (iu 20 ) 

/x(x 4 i) = + . . . (u> 32 + u> 33 ) 

/i((^X:l-X:l^)^12)=0 + ... («/ll) 

/i((xX:i^i2:2)) = -2b 3 d 2 d 1 a J - 12a b 2 a J + ... (w 15 ) 



Lemma A. 3 a^ = a\ = a 2 = 0, let a 3 be constant, and let B = B(x\). 

fi(n 2 2 ) = (4b 3 b 3 b 1 -4b 1 b 2 )j (w 8 ) 

fi( x n 2 2 ) = o. (w 9 = iso) 

/i(( x fii 2 ) 2 ) = (463636! + Ab^J ( Wl0 ) 
fi(( X E) 2 ) = {2k(a 2 + b 2 + b 2 ) - 4(-6o + 2a 3 b 2 )b h 

- Sa^bob^J (w 2 ) 

fi(E 2 ) = {2b 1 (a 2 + b 2 + b 2 ) + 46 6o6i}^ K) 
/i( X £ 2 ) = {-2{a\ + b 2 + b 2 )(-b + 2a 3 b 2 ) 

- 46 1 6q6 1 }/C (720) 
nix-.nE) = {4(-6 + 2a 3 b 2 )(b 2 + b 2 ) + Ab b 2 b 2 

+ 4b b 3 b 3 }lC (240 - w 18 + w 21 ) 

MX:llX:ll) = (W U + W 35 - W 37 ) 

KxE-. 22 ) = (-4b 2 b + 8b 2 a 3 b 2 )IC (360) 

l*{S :1 S :1 } = {2a 3 b 2 (b 2 + b 2 )}IC (-360) 

fi{SE :2 ) = {-2a 3 b 2 b 2 }IC - {2a 3 b b 1 b 2 }J (1440) 

fi(S 2 E) = {\{b 2 - oQh + 2a 3 b Q b 1 b 2 }J (2880) 

{-W2 - 4)(-bo + 2a 3 b 2 ) + a 3 b 2 (a 2 + b 2 + &§)}£ 

/i(5 4 ) = (2a 3 b 3 2 - 2a|6 2 )/C (1440) 

A*(n_5'.i5'.i) = a 3 6 2 (6| + 6|)/C (-2iu 4 ) 

)K(X:lX:l£) = (4&2 + 4&2)6 lt 7 («, 19 ) 

KxX-.iX-.iE) = -4(61 + ^2) (-&o + 2a 3 6 2 )/C (u> 20 ) 

/i(x 4 i)=0. (^32 + ^33) 

/i((%:l " X:lS)V 12 ) = -2%J ( Wll ) 

M(XX:1^12:2) = -4&3&3&1 + 4&i&§. (w i5 ) 
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B Appendix 

Let ds 2 (e) = e 2eF ds 2 define a conformal variation. In this appendix, we 
summarize the computation of the conformal variations we needed in Section 
H We integrate by parts where necessary to bring the variations into standard 
form so that F is not differentiated with respect to tangential coordinates. 
We will be dealing with terms which are homogeneous of order 4. If F is 
constant, then jt\ t=0 X = —AFX. To avoid writing the conformal weight 
term repeatedly, we define CX := f e X\ e=0 + AFX. Note that CX = if X 
only involves x an d fi terms; consequently these terms have been omitted in 
the interests of brevity. 



Wir 
Wis 
Wl9 



w 2 o 
w 2 2 



Term 



E 2 


XE X E 


&:a&:a 


X^-.a^.a 


1 ^am[Xi S:a\ 


2 XX:a^amL i 


5 XX-a^^am;m 



ww XX-M 



ab:b 



XX'-o^- "bm-'-'ab 

X.aE-.a 

X:aX:aE 



XX:aX:a-t- J 



X:, 



,E 



X.aX.oT 



^23 X:aX:aPmrn 



1" " \mm±-' ) 
t" "•■mm-'-') 



2)F. 



9 

m u :aa 



C 

(m-2)(FE :aa -F. m EL aa 
{m-2){FE :aa -F. m EL aa 
2FS.. a S :a + 2FSS.. aa - (m 

I m— 2 rp q 

' 2 ,mX-CL i - > :a 

2FS.. a S, a + 2FSS.. aa - (m 

m— 2 rp Q 

2 r ;mAA:(i"am 

[TTl -L J-T -mXX-ci^ ^am 

FX:aX:b^ab ~ FxX:a^ab:b - \FVt a b^ab 

>2 X^^abX^^ab ^XX-a^^am-T ;m 

(m - 5)FX:aX:b^ab ~ {m - 5)xX:a^ab:b 

+ m=! F (-n ab n ab + x n abX n ab ) 

XX-o^^arn" \m 
2F X :aaE + 2F X :aE :a 

m - 2 Y v F - ^^y v L F 

+ (m - 2)X:abX:abF + (f?l - 2)X:bbaX:aF 
+4(m - 2) X :aX:bttabF ~ 2(m - 2)xX:cftab:bF 
— (m — 2)X:aX:bE(—Pab + Rmbam ~ L a bL cc + L a 



^bc 





— (m — 
-2(m- 
— 4(m - 
— 16(m 
+4(m - 

— (m — 



-1 



rE 



X.aX'.a" \mm 



m - 3)FX:aE-. a 
+ 2{m - l)X:aX:aL cc F. m 
" ^)X:abX:abF ~ 4(ttl - l)X:bbaX:aF 
~ l)X:aX:btt a bF + 8(m - l)**: Afcft-F 
" l)X:aX:fe-^(-Rmbam ~ Pafe — L a bL cc + L ac Lbc) 
i)X:aX:aF ; mm + X:aX.aL C cF- m — 2X:abX:abF 



-2X:bbaX:aF ~ SX:aX:b^abF + AxX:a^ab:bF 
+2FX:aX:b( ~ Pab + Rmbam ~ L a bL cc + L ac Lbc) 



22 



^24 X:aX:aPab 



W 2 b X-.aXibR, 



U>26 
W 2 7 
W 2 8 
W 29 
^30 

W3I 

W34 
^35 



^36 
W37 



mabm 



X:aX:aLbbL cc 
X:aX:bL ac Lbc 
X'-aX-a^-'cdJ-'cd 
X:aX:bL a bL cc 
X:aS :a Lbb 

X:a,S;bL a b 

X.aaX.bb 

X.abX.ab 



X'-aX'aX-bb 

X-bX:aab 



X.aX:a" ;mm T" X.aX'.a-'-'cc" ;m 1 [TTl ^)X\aX\b*-'ab" \m 
-mX:abX:abF + 2(1 - m)X:aabX:bF 
-(2m + 4:)FX:aX:b^ab ~ O ~ ^)X:aaX:bbF 
+4FxX:a^ab:b - (m - 2)Ffi af) fi a6 

+ (m - 2)Fxfi a6 x^a6 

+ m -fX:aX:i[ ~~ Pab + Rmbam ~ L a bL cc + L ac Lbc] 

X:aX:a" \mm * X\aX:b*-> ah" \m ^" X:aabX:b 
-2F~X:aX:btt ab ~ Fx.abX.ab ~ Fx.aaXhb ~ FVt ab VL ab 
+Fx^abX^ab + FX:aX:b[ ~ Pab + Rmbam ~ L a bL cc 
~\~L> ac ljbc\ 

-2(m - l)F- m L cc X:aX:a 

^X-aX'-b^ab" \ra 

^" ;m^ J ccX'-aX-a 
-X:aX:aL cc F. m - (m - l)X:aX:bL a bF- m 
\{m- 2)F. m X;aX:aLce ~ (TO - l)F. m X:aS :a 

-X:aS:aF-m + \{m - 2)F. m X:aX:b L ab 

-2{m - 3)FX:aaX:bb ~ 2(m - 3)FX:aX:bba 

^Fx.abX.ab + 2FQ ab Q ab ~ 2Fx^abX^ab 

-2FX:aaX:bb + ZFXhX.aab ~ ^FX:aX:b[ ~ Pab + Rmbam 

-LabL cc + L ac L bc ] + 12FX:aX:b^ab ~ ^FxX:a^ab:b 



(m - l)FX:bX:aab + (m - 1) F \-.bbX:aa 



C Appendix 



In the proof of Lemma |7.1| , we used the local index theorem. We list in 
this appendix the terms giving non-zero contributions to a^(D^') — a§ (D^ '). 
Coefficients of corresponding invariants are given an the right hand side in 
the formulae below. Let a comma denote ordinary partial differentiation. 
The terms with f^ m f,mmm are dropped since they are not needed for the 
calculations. We omit the factor of Tryly. 
Coef Term 



1440 


E-mS 


I(rn-l) 2 (I(m 2 -8)/f m /, mm 

J, am J, am ~2~\ m '~ ^)J,m 


480 


rS 2 


\{m - l) 3 / 2 m (-2/, mm - (m - 2)/ 2 J 


270 


T;m>5 


(m - l) 2 (f,amf,am ~ ijn - A)f\ mm f 2 m + 


120 


n <? 2 


2i m / J ,mJ ,mm 


1080 


bo-.aa 


-\{m - inf, am f,am + \m\m - 1) f% 


2880 


ES 2 


\{m-mf 2 m f, mm + \(m 2 - A)f%) 


1440 


S A 


U m - l ) 4 f 4 m 



m 



2)/ 4 m ) 
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Coef 


Term 




270 


l J aa*- J \m 


-(m - l) 2 (2(m - 3)f 2 m f, mm - 2(ro - 2)/ 4 m 

J,amJ,am) 


270 


Lbbb-.aa 


2^772 ]_) J t maJ,ma 


1440 


LbbSE 


-\{m - lf(f 2 m f,mm + \{m 2 - 4)/ 4 J 


30 


J-'bbiJ Pmm 


2\ m / J, in J, mm 


240 


LbbSr 


l( m -lf(2fll mm + (m-2)ff m ) 


-60 


LabPabS 


-\{m - l) 2 2 (-/ 2 m /, mm + (2 - m)f%) 


180 


Li a bO t\>ammb 


2~\ m *-) J ,mJ ,mm 


45 


L aa LbbE 


( m - l) 3 (/ 2 m /, mm + (m - 2)/ 4 J 


90 


LabL a bE 


(m-l) 2 (/ 2 m /, mm +(m-2)/ 4 J 


2160 


LbbS 


-i(m-l) 4 / 4 m 


1080 


-Laa-Lbbb 


|(^-l) 4 /, 4 m 


360 


LabLabS 


\{m-lff% 


885 

1 


-L a a-Lbb-L cc b 


-lim-lff^ 


315 
2 


^cc^ab^ab^ 1 


~\{m-lff% 


150 


-L a b-Lbc-L ca D 


-\{m-lff% 


Wl2 


XX-.a^amLbb 


2(m - lff%f, mm 


Wl3 


X-.aX.b^ab 


2(m - l) 2 (m - 2)(m 2 + (m - 2) 2 )/ 4 m 


90 


XX'-a^^am;m 


Z(jn LjyZyTTl 1 j J m J ] m m T" J,amJ,am) 


120 


XX-.a^ab-.b 


\{m - 2)((m 2 - (m - 2f)f^ am f^ am 

+ (m _l )(m 4_ (m _ 2) 4 )/ 4j 



Wn XX:cfrbmLab 
-180 X:aX:aE 



-30 



-60 

30 

255 

4 
105 

2 
15 

1 
15 

675 

8 
675 

_1 

4 

195 

16 

-330 

-300 

720 



X:aX:aT 

X:aX:aPmm 

X:aX:bPab 

X:aX:b^mabm 

X:aaX:bb 

X:abX:ab 

X:aX:aX:bX:b 

X:aX:bX:aX:b 

X:aX:bL a bL cc 

X:aX:aLbbL cc 

X:aX:bL ac L c b 

X.aX'.a-'-'cd-'-'cd 

X:aS :a Lbb 

X:aS:bLab 

XS-.aS-.a 



2(m - l) 2 f 2 m f, mm 

(m - l) 2 (m 2 / 2 m /, mm + l(m 2 (m 2 - 4) 

~{m - 2) 4 )/ 4 m ) 

-4(m - l) 3 (2/ 2 m /, mm + (m - 2)/ 4 J 

-4(ra - l) 3 / 2 J, mm 

-4(ro - lf{f 2 m f, mm + (ro - 2)/ 4 J 

-4(m - l) 2 f 2 m f, mm 

(m - l)(4/, oro /, om + (m - l)(m 4 - (m - 2) 4 )/ 4 J 

(ro - l)(4(ro - l)/ l0m /,„ ro + (m 4 - (ro - 2) 4 )/ 4 J 
(m _l)2 (m 4_ (m _ 2) 4 )/ 4 m 

-(ro - l)(m - 3)(m 4 - (m - 2) 4 )/ 4 m 
4(ro - l) 3 / 4 m 

4(m - l) 4 / 4 m 
4(m - l) 2 / 4 m 
4(ro - l) 3 / 4 m 
-|m 2 (™- l) 3 /, 4 m 
-±m 2 (m - l) 2 / 4 * 

oV / J, am J, am 
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Coef Term 



i 



Q ab Q ab + x^abX^ab -I(m-l)(m-2)(m 4 -(m-2) 4 )/; 

|(w 5 - wr) ^ab^ab - X^abX^ab -4(m - l)(m - 2)/ i0m / )0m 

-360 ^ m x5 :ffi -fi« m 5 :a x -|m 2 (m- l) 2 / 2 m /,mm 
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